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Abstract 
A two-parameter fracture criterion has been proposed to predict fracture conditions of notched components. This 
criterion includes the critical notch stress intensity factor Kȡ,c, which represents fracture toughness of a material with 
a notch of radius ȡ, and the second non-vanishing parameter from the Williams equation, A3 term. The effective      
A3 –term A3,ef has been estimated as the average value of the A3 term distribution in the region ahead of the notch tip 
at the effective distance Xef. These parameters were derived from the volumetric method of notch fracture mechanics. 
The master curve Kȡ,c =f(A3,ef ) has been established as a result of the notched specimen. It was shown that the notch 
fracture toughness is a linear decreasing function of the A3ef,c -stress. The use of the master curve to predict fracture 
conditions was demonstrated on gas pipes with the longitudinal surface notch.  
Keywords : notch stress intensity factor ; effective distance ; master curve ; effective A3 –term 
1. Introduction  
For brittle mode I fracture in mainly elastic regime, current fracture assessment methodology relies on 
plane strain fracture toughness, KIC, which is assumed to be a material property [1-4]. Recent studies [5-7] 
have shown that fracture toughness can be strongly affected by specimen size, crack depth and loading 
configuration. The ASTM E-399 [8] testing procedure recommends certain types of specimen geometries 
and KIC can be considered as the plane-strain fracture toughness. Using the recommendation specimen 
geometry for testing creates an “ASTM Window” since their corresponding T or A3 values are within a 
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certain range. The A3 quantifies the third term of Williams stress field expansion [1].The phenomenon 
limiting the recommendation of ASTM and can be explained using the analytical K-T or K-A3 relation for 
the common effects of specimen geometries. This paper exploited the K-A3 crack approach which was 
derived from a rigorous asymptotic solution and has been developed for a two-parameter fracture inspired 
from the volumetric method [9]. With Kȡ,c as the driving force and A3,ef a constraint parameter, this 
approach has been successfully used to quantify the constraints of notch-tip fields for various proposed 
geometry and loading configurations. 
2.  Single parameter fracture mechanics (SPFM) for crack 
Ayatollahi et al.[11] reveal that the maximum along θϑσ  is not always zero Ϊ =0 and angular deviation 
can occur only for positive values of T-stress. When the T-stress is negative the maximum θϑσ is always 
along in the direction of propagation 0=θ . In mode I, fracture occurs when the tangential stress θϑσ at 
some point along maxθ  at a critical distance rc from the crack-tip, exceeds the critical or maximum 
stress cσ . The tangential stress θϑσ  near the tip is rewritten as 
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we can note rKapp πσθθ 2= , with appK  represent the apparent stress intensity factor. At the fracture, 
critical apparent stress intensity factor, cappK ,  using equation (1), one then has 
( ) ¸¸
¹
·
¨¨
©
§
−++==
2
5
cos
2
cos5..2
4
3
 sin 2  
2
cos2 3
23
max,
cc
ccccc
c
cccapp rArTKrK
θθ
πθπθπσθθ                                  (2) 
For mode I, assuming three terms are sufficient to characterize the crack-tip stress field; we examine 
the case when crack dose not curve, i.e. the second term in equation (1) or the T-stress vanishes. Equation 
(2) becomes  
rAKrK Iapp ..232 30, ππσ θθθ +== =                                               (3) 
The A3 term in the Williams series expansion was determined by employing finite element analysis and 
the equation (3) can be rewritten for high order as 
2
530, ..2 rBrBKrK Iapp ++== = πσ θθθ                          (4) 
where 33 .23 AB π=  and 55 .25 AB π= . If the stress intensity factor distribution expressed by the left 
side of Equation (4) is plotted against the distance from the crack-tip r, a linear fit to the data will yield 
the slope m. Then, A3 can be obtained from the slope m, that is π23/3 mA = . For the distribution of the 
stress intensity factor in the equation (4), the fit is a parabolic curve.  
3. Volumetric method mesofracture to extend SPFM to notch 
Volumetric Method, presented by Pluvinage [9] is a meso-mechanical method belonging to this NFM. 
Therefore, the noted Notch Stress Intensity Factor, NSIF, is described and defines as a function of 
the effective distance and the effective stress given by the relationship 
efef XK πσρ 2= (5) 
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Fig. 1. Determination of the effective stress intensity factor and the effective T-stress at notch root together with the relative stress 
gradient versus distance from the notch tip. 
The effective T-stress, Tef is not singular as rĺ0, but it can modifying to the effective crack tip plastic 
zone. Tef can be rewritten as  
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with ( )yyxxxxT σσ −=  and the effective stress intensity factors take the form of 
efefefefefefef XTXXTKK ππσπρ 222 +=+= ,                 as r ĺ Xef                                            (7) 
The notch stress intensity factor Kȡ,c, the effective T-stress, Tef, near the notch rot and the relative 
distance are shown in Figure 1. Effective T-stress has been used as constraint parameter. This addition to 
the classical plastic notch tip parameter Kρ provides an effective two-parameter characterization of elastic 
notch-tip fields in a variety of notch configurations and loading conditions. With the volumetric method, 
we examine the case when crack dose not curve, i.e. the second term in equation (2) or the T-stress 
vanishes. Equation (3) becomes 
rA23KX2K ef3cef0
c
ef .. ,,, ππσ ρθθθ +== =                         (8) 
The A3,ef term in the Williams’ series expansion was determined by finite element analysis. More 
details are given in section 5. 
4. Finite element modeling 
The geometry considerate in this study is a cylinder with a V-shaped longitudinal surface notch subject 
to different internal pressure P, as shown in Figure 2. The effect of three parameters: ratio of inner radius 
of the cylinder to the thickness, Ri/t, the ratio of the notch depth to the cylinder thickness, a/t, and 
pressure on T-stress and Stress Intensity factors (SIF) is systematically considered. To cover practical and 
interesting ranges of these three variables, four different values of Ri/t, 5, 10, 20 and 40, were selected. In 
terms of crack depth, four different values of a/t were selected, ranging from a/t = 0.1 to 0.75. In terms of 
pressure, four different values of P were selected, ranging from pressure of 20 bars to 50 bars. Thus, a 
total of 84 different experimental setups are considered in this investigation. The finite element method 
was used to determine the notch-tip parameters T and SIF for the pipe specimens (Figure 2). The structure 
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were modelled by CASTEM 2000 code in two dimensions under plane strain conditions using free 
meshed isoperimetric triangulateral elements only on half of the specimen. 
Fig. 2. Geometry boundary conditions and loading configuration using in the half of the pipe and typical 2D finite element mesh. 
5. Interpretation of the results and discussion 
5.1. Fracture assessment procedure 
Recently, some publications have carried out a complete analysis of higher order crack fields in power-
law hardening materials and have shown that a two-term expansion is not sufficient to describe the near 
tip fields while more than three terms are redundant. In this application, the effects of pipeline size, 
loading configuration and notch depth are presented. Figure 3.a presents an example of the notch stress 
intensity factor evolution along of ligament for pipe submitted to internal pressure (P = 20 bars, R/t = 20) 
for a short notch. The linear fitting of the curve gives the A3,ef terms. The polynomial fitting for the short 
notch is presented in Figure 3.b to determine the A3,ef and the A5,ef terms.  In order to investigate the effect 
of pressure on the constraint for notch-tip field, the development of notch stress intensity factors at 
pressure of 50 bars is modeled and the results are shows in Figure 4.a. The data of Kȡ,c versus A3,ef are 
plotted on different diameters (R/t = 5, 10, 20 and 40).  
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Fig. 3. Determination of  A3,ef and A5,ef  terms by FEM, P=20 bars, R/t=20 and a/t =0.1 
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Fig. 4. Development of notch tip constraint represented by A3,ef for various situations of pressure and diameters of Pipeline. 
The first remarks that Kȡ,c increase with increasing -A3,ef. For small notch length, a/t < 0.3, the values of 
A3,ef are positive for the all pressure and pipe diameters. For Pipe have a large a/t ratios, this parameter 
takes very negative values. It can be seen that A3,ef has a linear function a/t, and increases with increasing 
in deep of notch and the pressure (see Figure 4.b for example). This observation is in contradiction with 
the remarks of Lam et al.[12]. The authors [12] justified the constants value of A3,ef when the pressures 
increase by the Large Scale Yielding (LSY) condition.   
5.2. Master curve (Kȡ,c, A3,ef) 
For any flawed specimen or structure, a notch driving force may be established by running a linear 
elastic FEA for the geometry and any applied load to determine the pair (Kȡ,c, A3,ef). For a surface notch, 
the crack front is a curved line. A (Kȡ,c, A3,ef) pair and a notch driving force at each point along the notch 
front are present as the far field load is increased. By putting the entire notch driving forces along the 
notch front together, the notch driving force for the surface notch becomes a curved front as depicted in 
Figure 5.a.  
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Figure 5 : Example of the Master curve in (Kȡ,c, A3,ef) plan for different pressure and diameters. 
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Since (Kȡ,c, A3,ef) varies from point to point along the notch front for a given far field load. Each point 
on the curve represents the condition of the opening stress at a particular point in the notch front of the 
surface crack. For instance, the left point of the curve may represent the condition of the opening stress at 
the deepest point of the surface notch and the right point corresponding to the point where the crack front 
intersects with the surface (Figure 5.b). For common specimen geometries, the relation between Kȡ,c and 
A3,ef is tabulated from numerical calculations for convenience. Since the ratio between Kȡ,c and A3,ef  is a 
constant for a given geometry. In Figure 5.b, the point (0,0) represents the condition of no applied load. 
The two points (0,0) and (Kȡ,c -A3,ef) from the driving force represented in a straight line in the (Kȡ,c-
A3,ef) plane and the intersection of the notch driving force with the material failure line yields predicted the 
particular flawed structure. 
6. Conclusions remarks 
The K-A3 methodology is used and A3,ef parameter is identified to quantify the constraint at the notch tip. 
Procedures to shift the mechanical properties curve between pipelines of different in plane constraint 
levels are developed to enables the determination of the transition curve of the non-standard flawed 
structures from the experimental results of standard specimens. The magnitudes of the negative A3,ef
parameters are greater than those of large diameters of Pipelines. The low constraint due to relatively 
large magnitude of negative A3,ef term may be expected to inhibit the crack extension in the same plane 
and promote crack kinking. Further, among the small diameters, the least A3,ef exhibit lowers apparent K. 
The extrapolated points of the notch driving force to the material failure curve show that there is critical 
three parameters ( cefc AK ,3, −ρ ) causes fracture resistance of pipe steels. This value could be applied as an 
important engineering parameter for structural integrity assessment of pipelines during long-term 
operation. 
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